
Intro to Formal Methods Lecture 7
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Lecture 7

Review
Comments on the topdown refinement rule format

Advantages: goal directal, easy to automate, even parallel automation, easy to build
extracts (e.g. programs and data)

Disadvantages: not the standard textbook style which is usually made to study, not
use. The HOL community can also write proofs in the IZAR style, which is like what
we see in journals.

Can we make these refinement proofs more reliable?

Here is Brouwer’s informal proof of ∼∼ (P ∨ ∼ P ):
“To prove that P could never be decided (e.g. ∼ (P ∨ ∼ P )) would require reducto ad
absurdum. So one would have to say: assume that a proposition has been decided in sense
P , and from that deduce a contradiction. But then it would have been proved that ∼ P is
decided after all.”
Does this lead directly to our refinemet proof? Can we see the realizer in Brouwer’s
proof?

In my refinement proof of (P ⇒ Q) ⇒ (∼ Q ⇒∼ P ) on page 2, the first proof, I left a red
arrow for you to draw. Draw it in and compare the two proofs.

In lecture 6 I discussed briefly the type:

{x : D|P (x)}

It goes by various names. In Nuprl it is the set type. It is also called a subset type. the
formal methods authors sometimes say refinement type, Thompson writes about them in his
section 7.3 that I requested you to read.

Thompson has the history backwards. This type was in Nuprl before it was studied in
Sweden. It was published in a journal by 1983 and discovered here before that. Indeed, the
articles and book that Thompson cites misunderstood the idea. You will see that we can go
very far with it.
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Refinement Types: semenatics and proof rules

Right

H ` {x : D|P (x)} (give elements)

H ` D by d

H ` P (d) by P (not saved in evidence)

Left

H, y : {x : D|P (x)}, H ′ ` G by y

H, y : D, [P (y)], H ′ ` G P (y) is not accessible unless G is a refinement type

The Mysteries of Existence-1
? ∼∼ ∃x.A(x)⇒ ∃x.A(x)

Our intuition about double negation tells us that this is unlikely to be valid, e.g. “beyond
question or doubt, without exception”. That is, we can’t find computational evidence for
it.

All we have at hand is that we know (f : (x : D × A(x) → False) → False. From this
we are required to create a d ∈ D. It could be that we only know ∼∼ D, thus we can’t
construct a specific element of D.

The mystery is not dispelled even if we can build an element d ∈ D. Indeed, suppose
D = {d}, a type with exactly one element. Then it can remain the case that we only know
∼∼ A(d) because we can’t find evidence a for A(d). Thus it remains the case that we have
no evidence for ∼∼ ∃x.A(x) ⇒ ∃x.A(x) because we cannot create the pair < d, a > where
a is evidence for A(d).

Note, we can create this situation with constructive real numbers.

The Mysteries of Existence-2:
? ∼ ∀x. ∼ A(x)⇒ ∃y.A(y)

Our intuition about computation again leads us to see that this computational problem,
simple as it might at first seem, is not polymorphically solvable. That is, we probably cannot
give a solution that works for all possible domains of discourse D and all possible propositional
functions A : D → Prop. The solution to this problem would require a uniform method to
find a d ∈ D and evidence a for A(d) knowing only that we cannot construct a computable
function from any D that shows A(d)→ False for each d in D.

This reduces to the basic issue, what can we conclude from ∼∼ A(d0)?

Issues raise by First-Order Logic (FOL)
(also called the Predicate Calculus as opposed to the Propositional Calculus)
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We think of the P (x) in ∀x.P (x) and in ∃x.P (x) as a predicate. The formal semantics is
that P is a computable function from D into the type of propositions.

For reasons we will discuss later, we need to stratify the propositions (and types) into levels.
So we write Propi or Typei. Propi and Typei are different names for the same large types.
So we write P : D → Propi and typically we say D ∈ Typei.

Issue 1: What are the domains of discourse? Examples are natural numbers N =
{0, 1, 2, ..}, Booleans, B = {tt, ff}, Unit = {∗}, V oid, ... These are all types in Type1.

Issue 2: In standard math textbooks, propositions are truth valued. So we can map
P : D → B. What is the “full extent of our constructive propositions? It is in a sense
open-ended within certain constraints which we discuss soon.

Issue 3. Should functions f : D → Prop be given explicitly by computable functions?

Issue 4. Is it valid to have D → Prop1 be a type in Type1?

In standard textbooks the answers are these:

1. Domains of discourse are non-empty sets.

2. Propositions have values in B, the Booleans.

3. Functions are special kinds of sets (the single valued relations).

4. It is acceptable to have D → Prop1 be in Type1 because all “types” are in set.

A simple first-order theory of numbers illustrates how we do mathematics in FOL. We have
in mind the domain of discourse N = {0, 1, 2, ...}. We will first consider only the successor
function, s(x) = x + 1, and create axioms to prove some of its properties.

As with most mathematical theories, we need the binary relation Eq : N2 → Prop, that is
Eq(x, y) is a proposition. We also use the unary predicate Zero : N → Prop. We intend
that Zero(x) means x = 0, but we will not use constants such as 0, 1, 2, ...

We also postulate the binary relation S(x, y) that will express that y is the successor of x.
This relation is our only means of expressing the successor function. We will axiomatize
it.

Axioms for Eq in FOL
We expect to have axioms such as these:

∀x.Eq(x, x)

∀x, y.(Eq(x, y)⇒ Eq(y, x))

∀x, y, z.(Eq(x, y)⇒ Eq(y, z)⇒ Eq(x, z))

What are the realizers?
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